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ABSTRACT
xn_xn i i
Anidentity 1 % = x ' ox,
B i +i,=n-1

18 here generalized to an arbitrary number of variables

Kis eoen X The proof of the generalized identity
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Z\\ Xy Xp ero¥X 0 < =) +
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x x
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3%, 1%, —x3). .. (xz -xm) T (xm -xlj(xm -xz). o (xm X _1)

is obtained by computing transition probabilities in a Markov Chain.



Assume that 0<xi<1 , i=1,2, ...m, xi,*-‘xj for i fj,
and let y; =1 - X . Consider a Markov Chain with the matrix of

transition probabilities:

- A e e m e A e @ m m oW - wm = =

If n2 r then a transition of the system from the state k to
a state k + r in n steps can occur in any of the set of mutually
exclusive way., each corresponding to a distinct sequence of integers

t,» ty, ..., t_, satisfying the inequalities 1S t; < t,< ... <t < n.

In each of these cases the system passes from the state k + h to the
state k +h + 1 at the step number th-l . The probability of such an
: t -t to-ty-1 n-t
event is X 1 24 r Here the sum
VY4t Vkir-1 Xk *k+t o0 Fitr
t : = -
of the exponents of X4 8 18 t1—1+-t —t1-1+...+n-tr-n r.,

2
Therefore the probability p}(:;) of transition in n steps from the state

k to the state k + r is given by
(n) _ 4B i+t
(1) Pur = ViVt ***Viktr-t >_ X ¥ Py

11+. B .+1r+1=p—r

On the other hand, p(l:lx)' can be obtained by the method described in



[1]. Let D(s) be the determinant of the system

gjzs(xj€j+yj§j+1)' j=4 2, ... m-1,
(2)
E =s8x_§ '

m m “m
and let (‘g',(lt), cees §1(:1) ) be a non-trivial solution of (2) correspond-

ing to the root s_ of D(s). Similarly, let (n(t), caes 111(_:1)) be a

t

non-trivial solution of

Ty =X
(3)
sty Mg Py )
correspoﬁding to the same root .st of D({s).
Let
1 .
(4) c, = ’
& w1
; £, m,
V=
and l
(t) _ (t) (1)
{5) (‘31 = ct gJ qi
Then
(1) (2} (m)
4 4 ¢
(6) pl({n) - k k+r s k k+r b+ k k+r
T 57) T n
8y ) Sm

It follows from (2) that non-trivial solutions (g(lt), vees E,(t) ) can

m
be obtained for the following values of s: 8 = 4 , B84 = L
X 2 3
m m -1
s 8= ;1- - By substituting 8, = — L in (2) the following
i m -t+1

expressions are obtained:



(7 gz(;) =€(xg-1 e :gx(‘x?-ﬁz =0

(8) E ot <1

The substitution of (8) in the first equation of (2) yields

Ym-t
9 £E = o
m-t Xt Fm-t

Suppose, by induction, that for j$m -t

m-t-j -
(10) gl - l | itp.

=0 *m-t+t "~ %j+p

The substitution of (10) in (2) yields
m-t-j+i

gt i Yitp
j-A ) *m-t+1 ~ Xj+p

p=0
Thus, in view of (9), (10) holds for every j &€ m - t.

Similarly, it follows from (3) that

ngt)=0, for i< m-t+1 ;

(t) Sy .
(11) M-ttt -7
i-m+t-2 y
ngt)z ‘ e ek , for idm -t+ 1
p=0 m -t+1 i-p

Therefore it follows from (4), (7), (8), and (i1) that

(12) c, =1, t=1,2, ..., m,



Now (5), (7), (8), (10), and (12) yield
gg):o, if i<m-t+1 or jSm-t+1 ;

(t) -
g’m-t+1 m -t+i =1

== y. _
m-trioa 0 l m-t+1 " Fi+p |

(12) p=

m-t-j
y.
g - s P , if j4m -t+1
j m-t+l *m -t+1 " jtp
p:
m-t-j i-m+t-2 =
¢t - | | Yitp I I i-q-1
1 p=0 *m -t+1 xj+p q=0 xm~t+1“xj-q ’

if i>m-t+1 and j{m -t+1 ,

Therefore by (6)
. n

b :
13 () . m +
(13) Pi,m "Y1 72 Ym -1 [(Xm-xm-l)(xm-xm-z)"'(xm-xi)
n
*m -1
+ + ..., +
(xm-i-xrn”xm—l ‘xm-Z)"'(xm-i -xl)
e
+ 1
(x1 -xrn)(x1 -xm_l) .o (x1 -xz)
i, i, i
LetP(x.x,...x):Z_ xlxz...xm
k1 72 m K i 2 m

11+12+. . .+1m=

Then by (1) and (13)



1 i ssm-d
xl XZ R I -'xm.
2 . -xz
| 2 m
xm-}.’. xm-Z . _xrn-Z
1 2 m
n n n
Xy X, = e
(14) P (x,x,..osx )= »
n-m“i’l 1 2 m V(xlj xz:'--p xm)

where V is a Vandermonde's determinant. Now the numerator N
of the right hand side member of (14) is a polynomial in Xyv ween X
and it vanishes whenever X =Xy for i #j. Since V = (x1 - xz) ces
(x1 - xm) (x5 - x3) s (xm_1 - xm), it follows that N i‘s divisible
by V. Heénce (14) is an equality of two polynomials which is valid
for every 'xi such that 0 < x, < 1. Hence (14) is an identity when-

ever N/V is defined, i.e. whenever xi;éxj for i #j. This

identity can be writteh in the form

n . ’ n
X, X,
15 P = +
(15) nh-m+1i (x1 -xz)(x1 -x3). . .(x1 —xm) (xz-xi)(xz-x3). . .‘ (xz-xm) +
n
X
m

+ .00 F

(xm -xl)(xm —xzj. oo (xm X __1)

For m =2 (15) reduces to

n n
x x
x?'l +x?-2x2 +xr;-3x22 Fouuot xg'l = . = _Zx
1 %2 2™
V] . ”
C.”7W7
C. MASATTIS
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